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Vertices u and v  in the graph G are said to be pseudo-similar if G - US G - v  
but no automorphism of G maps u onto v. It is shown that a known procedure for 
constructing finite graphs with pairs of pseudo-similar vertices actually produces all 
such graphs. An additional procedure for constructing infinite graphs withepseudo- 
similar vertices is introduced and it is shown that all such graphs can be obtained 
by using either this or the first-mentioned method. The corresponding result for 
pseudo-similar edges is given. 
1. INTR~OUCTI~N 
Two vertices u and v in a graph G are similar if some automorphism of G 
maps u onto v. If u and v are similar vertices in G then it is easy to see that 
the graphs G - u and G - v, obtained by deleting u and v, respectively, from 
G, are isomorphic. 
However, it is possible for G - u and G - v to be isomorphic even when u 
and v are not similar. If this is actually the case we say that u and v are 
pseudo-similar. A well-known example of a pair of pseudo-similar vertices is 
provided by the vertices u and v in the graph G of Fig. 1. 
Now one way to construct graphs with pseudo-similar vertices was given 
in [ 3 1. Take a graph H with vertices u and v and an automorphism B such 
that 8’(u) = v for some 1 > 1 and O’(u) # v when k = l,..., I- 1. Let A = 
(O(u),..., O’-‘(u)}. It is easy to verify that 19 maps A u (u) onto A u (v}. 
Consequently if G = H-A is the graph resulting when the vertices in A are 
deleted from it, then G - u and G - v are isomorphic. 
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G: 
FIGURE 1 
Thus u and v are either similar or pseudo-similar. As an example, if one 
chooses H, u and v as in Fig. 2 and chooses 0 to be an anti-clockwise 
rotation through 2~/3 radians then u and v are pseudo-similar in G = H - w. 
The main result of this paper is that, in the finite case all graphs with pairs 
of pseudo-similar vertices can be obtained by the above procedure. For 
infinite graphs, we show that all pairs of pseudo-similar vertices can be 
obtained either by using the above procedure, or by a second method which 
we now describe. 
H: 
FIGURE 2 
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Let H be an infinite graph with an automorphism 8 which has, among its 
orbits, two infinite ones. Choose a vertex u in the first of these orbits, a 
vertex u in the second, and delete from H all the vertices x such that 
e”(u) = x or e-‘(u) = x (k, I > 1). Then u and u are pseudo-similar or similar 
in the resulting graph G. To see that we need only note that, if A denotes the 
set of vertices we have deleted from H, then 0 maps A U (u ) onto A U (v ). 
An example of a pair of pseudo-similar vertices resulting from this 
construction is shown in Fig. 3. The action of 6’ was originally represented 
by a shift to the right. 
Unfortunately in neither of the two constructions described do we have 
any rational means to predict whether the pair of vertices u and u obtained 
will be pseudo-similar rather than just similar. A necessary condition is that 
the original graph H must admit no automorphism which fixes the set of 
vertices to be deleted and simultaneously maps u to u. 
This condition is almost certainly not sufficient, although we have no 
examples where it fails. 
A catalogue of all graphs with pseudo-similar vertices up to those on 9 
vertices and 15 edges will be found in [S 1. 
2. THE MAIN CONSTRUCTION 
In this section we show that any graph with a pair of pseudo-similar 
vertices can be obtained by using the constructions mentioned in the 
Introduction. 
We note one important convention. Suppose u, ZJ E V(G) and 8: G - u -+ 
G-u is an isomorphism. In this situation we will often write, for example, 
“suppose w  = Ok(a))’ in place of the more exact “suppose f?(u) is defined for 
i = O,..., k and e”(u) = w.” 
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2.1. LEMMA. Let G be a graph with vertices u and v and let 0 be an 
isomorphism from G - v to G - u. Set 
s+ =(wEGI w=@(u),k>O}, S-=(wEG(w=tF(v),k>O) 
and let S = S’ v S-. Then G - S is mapped onto itserf by 0. 
Proof Suppose w  E G - S. Since G - S E G - v, e(w) E G - u. Hence 
if e(w) E St then e(w) = 0’(u) for some k > 1. As 8 is one-to-one it follows 
that w  = 8’-‘(u) E S, a contradiction. 
If O(w) E S- then e(w) = Kk(v) (k > 0) and w  = 19-~-‘(v) E S-, again a 
contradiction. Consequently 6 must map G - S into itself. Similar arguments 
show that 19-l maps G - S into itself, whence our claim follows. 1 
We remark that in the finite case S+ = S-, since 0 is one-to-one and onto, 
and consequently there exists an integer 12 1 such that 0’(u) = v. 
2.2. THEOREM. Let G be a graph with pseudo-similar vertices u and v. 
Then there is a graph H with the following properties: 
(a) G is an induced subgraph of H. 
(b) There is an automorphism 9 of H which maps G - v onto G - u. 
(c) Either there is an integer I > 1 such that 0’(u) = v and if 
wEH-G then w=ek(u) for some k such that k>l or k<O, or G is 
infinite and tf w E H - G then w = tVk(u) or Ok(v) for some integer k 2 1. 
Proof Let t? be an isomorphism from G - v to G - u. Let S+, S- and S 
be as in the proof of Lemma 2.1 and let M denote the set of vertices in 
G - S adjacent to u. We assume first that an integer 12 1 exists such that 
ei(u) = v. 
For i = 0, l,..., I we denote the vertex 19’(u) by Ui. If there is an integer 
m > 1 such that Om+l(M) = M then we obtain V(H) by adjoining to V(G) 
new vertices u,+ , ,..., u,. If no such integer m exists then we adjoin the 
vertices u-j and uI+, J - ( ‘- 1, 2,...). We denote by U the set consisting of the 
new vertices together with the vertices u,,,,.., uI (note that u0 = u and u, = v). 
If ui E U - G then we install edges from ui to each vertex in B’(M). If 
1 <j < I and u, and u,, = u are adjacent in G then we join u,+~ to u~+~-~ for 
i= I,..., m - 1 and if uj and u, = v are adjacent in G we join u,+~ to uj+i for 
i = l,..., m - 1 (if m does not exist we use the index set { 1,2,...} in place of 
1 l,..., m - r}. The graph we have now produced is H. 
We extend B to a bijection on V(H) by defining 19(u,) to be ui+, for 
u, E U - G (here the subscript i + 1 is computed modulo m + 1 when m 
exists). 
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Since the new edges installed all have at least one end in H - G, G is an 
induced subgraph of H. To show 8 is an automorphism of H we must verify 
that 0 maps the edge set of H onto itself. 
By Lemma 2.1 we know that 6’ fixes H - U= G - S. As 13 is an 
isomorphism of G - u onto G - u it follows that it induces an automorphism 
of G - S. Thus 8 preserves the edges of H joining two vertices in H - U. 
Suppose ui E U and that w  E H - U is adjacent to ui. Then, by 
construction, w  E e’(M). Hence e(w) E #+ i(M) and so e(w) is adjacent to 
ui+ i = t9(ui). Finally if ui and U, are adjacent in H - S then, assuming i <j, 
either u0 and ui-, are adjacent in G or uI and u[-~+~ are. In either case it is 
immediate that B(ui) = ui+ i and O(uj) = ur+, are also adjacent. 
Suppose finally that ui and uj are adjacent vertices in S, where 0 < i < 
j<I. If uj#u then ui+,=8(ui) and ZQ+,= t9(uj) are adjacent since 8 is an 
isomorphism from G - u to G - U. If uj = u then B(ui) and f9(uj) are adjacent 
by construction. Hence we have shown that 8 is the automorphism of H we 
require. 
We now consider the situation when no integer 1 exists such that e’(u) = u, 
i.e., when e’(u) is defined for all 12 0. We claim that this implies S+ is 
infinite. 
For assume the contrary. By definition 8 maps S+ into itself and so, as 8 
is one-to-one and S+ is finite, 6’ also maps St onto itself. Hence there is a 
vertex w  in S+ such that e(w) = u. But since w  E S+ and S+ E G - u it 
follows that e(w) E 0(G - v), i.e., in G - U. This is clearly a contradiction. 
We note next that if, for some I, e-‘(u) = u then u = B’(u). Thus S- must 
also be infinite. We denote the vertices e’(u) and O-‘(u) (i = 0, l,...) by ui 
and upi, respectively. To get V(H) we adjoin to V(G) the vertices uei and vi 
for i = 1, 2,... . Let Uo=(uiliEZ}, V,,={uiIiEZ}andletNdenotetheset 
of vertices in G - S adjacent to u. 
If uj E U,\V(G) we join it to each vertex in e’(M). If uj E U,, A V(G) and 
is adjacent to u0 we join uj+,, to u, for all integers IZ. If uj E V,,\V(G) we join 
it to each vertex in B’(N); if uj E V, n V(G) and is adjacent to u0 then we 
join uj+” and u,, for all n. Finally if ui E U, n V(G) and uj in V,, n V(G) are 
adjacent we join ui+n and uj+” for all n. 
We extend 8 to a bijection on V(H) by setting e(uJ = ui+, and 
e(ui> = vi+ I7 for all integers i. 
The graph we have produced is H. The verification that it has the 
properties required proceeds as before, and is left to the reader. I 
We note that the proof of Theorem 2.2 is really a method to construct a 
graph H with the given properties. 
A special case of the above theorem was derived by Harary and Palmer in 
12, Theorem 51. They consider a restricted class of graphs and assume 
further that u and u are cut-vertices. 
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To understand just what we have proved, it is helpful to compare 
Theorem 2.2 with the following: 
2.3. THEOREM. Let G be a graph with vertices u and v. Then there is a 
graph H such that 
(a) G is an induced subgraph of H, 
(b) there is an automorphism 19 of H such that 19(u) = v, 
(c) if w E H then w = O’(u)for some integer i. 
ProoJ: These claims all follow from the result that any graph G can be 
embedded as an induced subgraph into a graph H, where the automorphism 
group of H is vertex-transitive and isomorphic to the cyclic group Z,, for 
some sufficiently large integer r. This is proved in [ 1; 7; 8, Chap. 41. m 
We have a number of further comments to make on Theorem 2.2. It 
follows from the proof that if G is finite then H is finite. It can also be shown 
that if each vertex in G has finite degree then the same is true for H (the key 
observation here is that St, for example, is infinite if and only if the orbits 
of 8 on G - S are all infinite). 
We note also that when G is finite the graph H is not determined uniquely 
by G and 8. This is because our choice of the integer m in the proof of 
Theorem 2.2 was arbitrary (so long as m > 1 and P”‘(M) = M). 
Theorem 2.2 also holds for digraphs; the proof given requires only trivial 
alterations. 
We should point out some limitations of Theorem 2.2. Note that it is only 
asserting that a given graph with pseudo-similar vertices u and v can be 
derived using the constructions mentioned in the Introduction. It does not 
assert that these are the only possible constructions. 
Thus examples of graphs and digraphs are known with arbitrarily large 
sets of pseudo-similar vertices (see [4,61). However, the constructions we 
have used only give pairs of pseudo-similar vertices and we know of no 
natural means of extending them (we remark that the constructions in [4,6] 
do use as starting points graphs with pairs of pseudo-similar vertices). 
Also, the graph H obtained by this construction depends on the 
isomorphism from G - v to G - u. If several such isomorphisms are 
available, each can give a different graph H. The graph given in 141 with 
three mutually pseudo-similar vertices is a very good example of this. 
3. INFINITE GRAPHS 
In the infinite case there is actually a third construction available for 
producing pairs of pseudo-similar vertices. This is best illustrated by the 
graph in Fig. 4, where for i = 1, 2 the vertices ui and vi are pseudo-similar. 
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This example is a special case of the following: 
3.1. LEMMA. Let K be a local&~ finite graph with an edge e = {u, v } and 
an automorphism 8 such that the orbit of e under 8 is infinite. If the edges 
e’(e) (i = 1, 2,...) are deleted from K then u and e(u) are pseudo-similar 
vertices in the resulting graph G. 
Proof. The automorphism 8 of K induces an isomorphism from G to 
G -e and hence from G - u to G - O(u). Since K is locally finite (i.e., each 
vertex in K has finite degree) it follows that u and O(u) have different degrees 
in G. We conclude that they are pseudo-similar vertices in G. I 
The graph H obtained by applying Theorem 2.2 to G in Lemma 3.1 will 
not be isomorphic to K! 
The crucial point in Lemma 3.1 is to obtain a graph G with an edge e such 
that G z G -e; any such locally finite graph will provide pairs of pseudo- 
similar vertices. It is possible to show, however, that all such graphs can be 
derived using the construction described in the statement of Lemma 3.1. 
It is natural to ask for a vertex analogue of the preceding example. 
3.2. LEMMA. Let K be a locally finite graph with a vertex u and an 
automorphism 8 such that the orbit of u under B is infinite. Let G be obtained 
from K by deleting the vertices 8’(u) (i = I, 2,...). Then G and G - u are 
isomorphic. 
The proof is analogous to that of Lemma 3.1, and we omit it. 
Why is this lemma relevant? Take two non-isomorphic connected graphs 
G,, G, with vertices u,,z.+, respectively, such that for i = 1, 2 we have 
Gi - ui z Gi* Let G be the disjoint union G, U G,. Then u, and uz are 
pseudo-similar vertices in G. This example is interesting in that in this case 
the set S (introduced in Lemma 2.1) can coincide with G (see Fig. 5). 
Again it can be readily shown that if G is a graph with a vertex u such 
that G z G - u then G can be obtained by the construction in Lemma 3.2. 
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4. FURTHER RESULTS 
The next result is essentially a corollary of Lemma 2.1. It shows that in a 
graph G with a pair of pseudo-similar vertices, the set G - S must have at 
least six vertices. In fact the example in Fig. 1 is as small as possible. 
4.1. LEMMA. Let G be a finite graph with pseudo-similar vertices u and 
v. Let 8 be an isomorphism from G - v onto G - u and let S be defined as in 
Lemma2.1. Then IG-S1>6. 
Proof The method is to show that if 1 G - SI < 6 then G admits an 
automorphism mapping u onto v. This means that u and v are similar, not 
pseudo-similar. 
The proof begins by showing that G[S], the subgraph of G induced by S, 
admits an automorphism which interchanges u and v. It then follows that 
when 1 G - S 1 < 6, this automorphism of G[S] can be extended to an 
automorphism of G. We omit the details. 1 
We note that in the graph of Fig. 1, I G - S I= 6. 
Lemma 4.1 is false when G is infinite. The last example considered before 
Lemma 4.1 shows that if G is infinite then G - S can be empty. This can 
also occur if G is a digraph (consider the end-vertices in a directed path). 
4.2. DEFINITION. We say edges e and f in the graph G are pseudo- 
similar if G - e z G -f and no automorphism of G maps e onto J 
It is not surprising that the following analogy to Theorem 2.2 can be 
obtained. This result can be proved essentially by changing the occurrences 
of the word “vertex” in the proofs of Lemma 2.1 and Theorem 2.2 to “edge.” 
We leave the details to the reader. 
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4.3. THEOREM. Let G be a graph with pseudo-similar edges e and f: 
Then there is a graph H with the following properties: 
(a) G is a spanning subgraph of H. 
(b) There is an automorphism 8 of H which maps G -f onto G - e. 
(c) Either there is an integer 12 1 such that t?‘(e) =f and if 
g E E(H) - E(G) then g = Bk(e) for some k such that k > 1 or k < 0, or G is 
infinite and if g E E(H) -E(G) then g = K”(e) or ek(f), for some integer 
ka 1. 
The first-named author’s interest in the subject matter of this paper arose 
from an attempt to settle the following problem (which is still unsolved): 
4.4. PROBLEM. Is there a connected locally finite graph G such that the 
subgraphs G - u, u E V(G), are all isomorphic but G is not regular? 
A few comments are in order. First; if G is not regular and u, u are 
vertices in G with different degrees then u and u are pseudo-similar. Thus the 
problem is related to the topic of this paper. We also remind the reader that 
by “locally finite” we mean each vertex in G has finite degree. 
In the fmite case the answer to Problem 4.4 is no; for if G is finite and 
G - u z G - u then u and v have the same degree. If we drop the connec- 
tedness or local finiteness from the question the answer is yes. 
To see this, choose a finite graph H and define G to be the disjoint union 
of infinitely many copies of each induced subgraph of H. In fact G even has 
the property that, for all u in V(G), G - u r G. The complement G of G is of 
course connected but not locally finite and still satisfies the condition 
G - u E d for all vertices u. 
The only other information we have on this question is that if G satisfies 
the hypothesis of our problem then it is possible to show that there is an 
integer N (depending on G) such that each vertex in G has degree at most N. 
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